Square functions for Ritt operators on 
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Abstract 

For any Ritt operator T acting on a noncommutative L^'-space, we define the notion of com- 



pletely bounded functionai calculus H°°{Bj 



duce the 'column square functions' ||a::||p,T,c,Q 



ES k^"'^ \t'"\I - T)°'{x)\ 



Moreover, we intro- 

' ) and 

' IIlp(m) 

the 'row square functions' ||s|LTr« = \\( y,t-T k'^"'^ \(t'"\I - T)''(x)y\ Vll for any 

II V IV / I / \\lp(m) 

a > and any x £ L^{M). Then, we provide an example of Ritt operator which admits a com- 
pletely bounded H°°{B-y) functional calculus for some 7 G ]0, -^ [ such that the square functions 
II ■ ||p,T,c,a and II • ||p,T,r,a are not equivalent. Moreover, assuming 1 < p < 2 and a > 0, we prove 
that if Ran(7 — T) is dense and T admits a completely bounded H°°{B^) functional calculus for 
some 7 G ] 0, -I [ then there exists a positive constant C such that for any x £ U'{M), there exists 
a;i,a;2 € L^(M) satisfying a; = xi + a;2 and ||a;i||p,T,c,a + ||a;2||p,T,r,Q ^ C||x||iP(M)- Finally, we 
observe that this result applies to a suitable class of selfadjoint Markov maps on noncommutative 
L^'-spaces. 
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1 Introduction 

Let M be a semifinite von Neumann algebra equipped with a normal semifinite faithful trace. For any 
1 ^ p < C30, we let LP{M) denote the associated (noncommutative) LP-space. Let T be a bounded 
operator on U'{M). Consider the following 'square function' 
(LI) 



||a;||p,T.i = inf ■ 

if 1 < p ^ 2 and 

(L2) 

||a;||p,T,i = max' 
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+ 00 



LP 



4-00 



Ei-^i 



k=l 



Uk + Vk = fc5 (T''{x) - T''-^{x)) for any k 



LP 



J2k\T\x)-T''-\x)\ 



fc=i 



LP 



+00 

Y,k\(T''{x)-T'^-\x))' 



fc=i 



2\ 2 



LP . 



if 2 ^ p < OO, defined for any x G U'{M). Such quantities were introduced in |LM2| and studied 
in this paper and in [ALMj . Similar square functions for continuous semigroups played a key role in 
the recent development of i?°°-calculus and its applications. See in particular the paper jJMX| . the 
survey |LM1| and the references therein. 
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For any 7 e ] 0, ^ [, let B^ be the interior of the convex hull of 1 and the disc D{0, sin 7). Suppose 
1 < p < 00. Let r be a Ritt operator with Ran(/ — T) dense in U'{M) which admits a bounded 
H°°{B~^) functional calculus for some 7 € ]0, ^ [, i.e. there exists an angle 7 € ]0, § [ and a positive 



constant K such that (/^(T) 
of |LM2| essentially says that 

(1.3) 



LP(M)^LP(M) 



^ iir||(/3||^oo(3 ■) for any complex polynomial ip. A result 



||a;||Lp(Af) ~ l|a;||p,T,i, X e LP{M) 



(see also |ALM1 Remark 6.4]). Now, consider the following 'column and row square functions' 
(1.4) 



llp,T,c,l 



+00 

E 
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k\T''{x)-T''-'{x) 



and 



\\p,T,r,l 



LP 
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\{t'{^) 



T^-'ix) 



defined for any x £ LP{M). Assume 1 < p < 2. In this context, if a; e LP{M), it is natural to search 
sufficient conditions to find a decomposition x — a;i+a;2 such that ||xi||p.T.c.i and ||a;2||]9,T,r,i are finite. 
The first main result of this paper is the next theorem. It strengthens the above equivalence (jl.3p in 
the case where T actually admits a completely bounded H°°{B^) functional calculus, i.e. there exists 



a positive constant K such that k5(T) 



V- 



cb,LP(M)^LP(M) 



^ iir||(p||^oo('^ \ for any complex polynomial 



Theorem 1.1 Suppose 1 < p < 2. Let T he a Ritt operator on LP{M) with Ran(/ — T) dense in 
LP{M). Assume that T admits a completely bounded H°°{B^) functional calculus for some 7 G ]0, |- [. 
Then we have 

||a;||Lp(Af) ~ inf |||xi||p^T,c4 + ll-^2||p,T,r,i : x^ Xi+X2\., xeL'f{M). 



In this context, it is natural to compare the both quantities of ()1.4p . The second principal result 
of this paper is the following theorem. It says that in general, 'column and row square functions' are 
not equivalent. 

Theorem 1.2 Suppose 1 < p j^ 2 < co. Then there exists a Ritt operator T on the Schatten space 
S'\ with Ran(/ — T) dense in S^ , which admits a completely bounded H°° (By) functional calculus for 
some 7 S ] 0, § [ such that 
(1.5) 

lk||p,T,c,l . ^ ^ cpl _ -ro ^ „ ^ _ _J „._ J l|2;||p,T,r-,l 



sup • 



>,T.r,l 



X £ S^ > =cx) if 2 < p < 00 and sup ■ 



II^IIp, 



T,c,l 



xeSP}=ooifl<p<2. 



Moreover, the same result holds with 



\p,T,c,l 



and 



\p,T,r,l 



switched. 



The paper is organized as follows. Section 2 gives a brief presentation of noncommutative L^-spaces 
and Ritt operators and we introduce the notions of Col-Ritt and Row-Ritt operators and completely 
bounded H°°{By) functional calculus which are relevant to our paper. The next section 3 mostly 
contains preliminary results concerning Col-Ritt and Row-Ritt operators. Section 4 is devoted to 
prove Theorems 11.21 In section 5, wepresent a proof of Theorem ll.il We end this section by giving 
some natural examples to which this result can be applied. 

In the above presentation and later on in the paper we will use < to indicate an inequality up to 
a constant which does not depend to the particular element to which it applies. Then A{x) sa B{x) 
will mean that we both have A{x) < B{x) and B{x) < A{x). 



2 Background and preliminaries 



We start with a few preliminaries on noncommutative L^-spaces. Let M be a von Neumann algebra 
equipped with a normal semifinite faithful trace r. Let A/+ be the set of all positive elements of M 
and let S+ be the set of all x in M+ such that t{x) < oo. Then let S be the linear span of 5+. For 
any 1 ^ p < oo, define 

lla;|Up(M) = {Ti\x\P)y, xeS, 

where \x\ — {x*x)'^ is the modulus of x. Then (S, || • ||LP(Af)) is a normed space. The corresponding 
completion is the noncommutative L^-space associated with (Af, t) and is denoted by LP{M). By 
convention, we set L°°{M) = Af, equipped with the operator norm. The elements of LP{M) can also 
be described as measurable operators with respect to (Af, t). Further multiplication of measurable op- 
erators leads to contractive bilinear maps LP{M) x L''(Af ) — > U{M) for any 1 ^ p, q, r ^ cx) such that 
- + - = - (noncommutative Holder's inequality). Using trace duality, we then have LP(Af)* — L^ (Af) 
isometrically for any 1 ^p < oo. Moreover, complex interpolation yields U'{M) = [L°°(Af ), L^(Af)] j_ 

for any 1 ^ p ^ oo. We refer the reader to |PXj for details and complements. 

Let 1 ^ p < oo. If we equip the space B{£'^) with the operator norm and the canonical trace 
Tr , the space LP(^B(i'^)^ identifies to the Schatten-von Neumann class S'p. This is the space of those 

compact operators x from £'^ into i'^ such that ||a;||sp = (Tr (a;*a;) 2) ^ < 00. Elements of B{P) or S^ 
are regarded as matrices A = [aij]ij^i in the usual way. 

If the von Neumann algebra B{i'^)(E)M is equipped with the semifinite normal faithful trace Tr (S)t, 
the space LP(^B{i'^)(^M) canonically identifies to a space Sp[LP{M)) of matrices with entries in Lp{M). 
Moreover, under this identification, the algebraic tensor product S^ (8) U'{M) is dense in Sp[LP{M)). 
We refer to |Pis3| for more about these spaces and complements. 

If 1 ^ p < 00, we say that a linear map on 17 [M] is completely bounded if Isp <8) T extends to 
a bounded operator on Sp(^LP{M)'j. In this case, the completely bounded norm ||T| 



of T is defined by \\T\\cb,Lp{M)^Lp{M) = \\lsp ^ T\ 



define llTl 



Sp{Lp{M))—)'Sp{Lp{M)) ■ 



cf),LP(Af)— )-LP(M) 

We use the convention to 



cb,LP{M)- 



>lp(m) by +00 if T is not completely bounded. 



We shall use various £^-valued noncommutative L^ spaces. We refer to [JMXl Chapter 2] for more 
information on these spaces. For any X]fc=i ^k® o,k & U'{M) (E) t'^, we set 



n 

y^, Xk <E) ak 
fc=i 



LP(M,ti) 



n 
/ , V^ji O-i/^i Xj 



LP{M) 



We have for any family {xk)k^i in LP{M) 



(2.1) 



E 
fc=i 



Xk ® Ck 



LP {MID 



El 

fc=l 



Xk\ 



LP(M) 
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k=l 



Cfci (g) Xk 



SP{LP{M)) 



The space LP{M,£l) is the completion of LP{M) (g) £'^ for this norm. It identifies to the space of 
sequences {xk)k^i in L'p{M) such that X^feJ^ ^fe '8> Sk is convergent for the above norm. We define 
LP{M,£'^) similarly. For any finite family {xk)i^k^n in LP{M), we have 



E 
fc=i 



Xk <i$ Ck 



LP{M,ll) 



EI4P 



k=l 



LP{M) 



E 



eik<i<iXk 



SP(LP{M)) 



For any 1 ^ p < oo and for any xi, . . . ,Xn G U'{M), we have 



(2.2) 



y^ Xfc efc 



sup ■ 



LP(M,ll) 



7 ,{^k,yk)LP(M).LP 



*(Af) 



fc=l 



^ J/fc <8) efc 



fc=i 



=C 1 



LP* (M,ll) 



A similar formula holds for the space LP{M,if). For simplicity, we write SP{i^) for LP(^B{i^),£iy If 
2 :^ p < oo we define the Banach space LP{M, £^^^) = LP{M, £l)C^ LP{M, ll). For any u G LP{M, f^^^), 
we have 

\W\\lp{P^^) = max|||u||ip(M/2),||u|JLp(M^f2)|. 

If 1 ^ p ^ 2 we define the Banach space LP{M, i^^^) = LP{M, 11)+LP{M, i^). For any u £ Lp{M, e^^^), 
we have 

II'"IIlp(M,£2^j) = inf |||wi||LP(Af/2) + \\u2\\LP{M,el)J- 

where the infimum runs over all possible decompositions u ~ ui + U2 with ui G LP(M^i'^) and 
U2 G LP{M,£f.). Recall that, if 1 < p < oo, we have an isometric identification 



(2.3) 



LPiMJl^r^LP (Af,4\d). 



Let X be a Banach space and let {ek)k^i be a sequence of independent Rademacher variables on some 
probability space f2. Let Rad(X) C L^{i^; X) be the closure of Span{efe (g) x : fc ^ 1, .t G X} in the 
Bochner space L^{ft; X). Thus for any finite family xi, . . . , a;„ in X, we have 



y^ £fc (8) Xfc 
fe=i 



)a;fc 



dw 



X 



Rad(X) \ ''^ fc=l 

If 1 ^ p < oo, the noncommutative Khintchine's inequalities (see |LPP| and |PX| ) implies 

(2.4) Ri.d{LP{M))^LP{M,il^). 

We say that a set T C -B(-Y) is i?-bounded if there is a constant C ^ such that for any finite families 
Ti, . . . , T„ in J-", and xi , . . . , x„ in X, we have 



^Sk(EiTk{xk) 



fc=i 



s^ C 



Rad(Jf) 



^ £fc (g) Xfc 



fe=l 



Rad(Jf) 



In this case, we let R{J-) denote the smallest possible C, which is called the i?-bound of T. R- 
boundedness was introduced in |BeG| and then developed in the fundamental paper [CIPJ. We refer 
to the latter paper and to |KW|, Section 2] for a detailed presentation. 

On noncommutative L^'-spaces, it will be convenient to consider two naturals variants of this 
notion, introduced in |JMX1 Chapter 4]. Let 1 < p < cx). A subset F of B(^LP{M)^ is Col-bounded 
(resp. Row-bounded) if there exists a constant C ^ such that for any finite families Ti, . . . ,T„ in 
J-', and xi, . . . , x„ in LP{M), we have 



(2.5) 



EN' 



Xk) 



fc=i 



^C 



LP{M) 
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fc=i 
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(2.6) 



resp. 



|Tfe(xfe)* 



k=l 



^c 



LP{M) 



fc=l 



LP{M)/ 



The least constant C satisfying ()2.5p will be denoted by Col(J^). Obviously any Rad-bounded (resp. 
Col-bounded, resp. Row-bounded) set is bounded. It follows from p.4p that if a subset F oiB (L^ (Af )) 
is both Col-bounded and Row-bounded, then it is Rad-bounded. 

Note that contrary to the case of i?-boundedness, a singleton {T} is not automatically Col-bounded 
or Row-bounded. Indeed, {T} is Col-bounded (resp. Row-bounded) if and only if T ® Ip extends 
to a bounded operator on LP{M,(.1) (resp. LP{M,£l)). And it turns out that if 1 < p 7^ 2 < oo, 
according to |JMX|, Example 4.1], there exists a bounded operator T on S^ such that T (E) l£2 does not 
extend to a bounded operator on SP{i'^). Moreover, T ^Ip extends to a bounded operator on Sp{£'^). 
Then, we also deduce that there are sets J" which are Rad-bounded and Col-bounded without being 
Row-bounded. Similarly, one may find sets which are Rad-bounded and Row-bounded without being 
Col-bounded, or which are Rad-bounded without being either Row-bounded or Col-bounded. 

We turn to Ritt operators, the key class of this paper, and recall some of their main features. 
Details and complements can be found in |ALM| . [BlI] . [M2] . |LM2) . [Lyu] , [NaZ] . [Nev] and [Vit] . 
Let X be a Banach space. We say that an operator T E B{X) is a Ritt operator if the two sets 

(2.7) {T" : n ^ O} and {n(r" - T"-^) : n ^ l} 
are bounded. This is equivalent to the spectral inclusion 

(2.8) cr(T) C D 
and the boundedness of the set 

(2.9) {(A-l)i?(A,T) : |A|>1} 

where -R(A, T) — {XI — T)^^ denotes the resolvent operator and D denotes the open unit disc centered 
at 0. Likewise we say that T is an i?-Ritt operator if the two sets in (12. 7p are i?-bounded. This is 
equivalent to the inclusion ()2.8p and the i?-boundedness of the set ()2.9p . 

Let T be a Ritt operator. The boundedness of ()2.9p implies the existence of a constant K ^ such 
that |A — l|||i?(A,T)|| ^ K whenever Re(A) > 1. This means that / — T is a sectorial operator. 
Thus for any a > 0, one can consider the fractional power (/ — T)". We refer to |Haa[ Chapter 3], 
|KW| and |MCS| for various definitions of these (bounded) operators and their basic properties. 

We will use the following two naturals variants of the notion of i?-Ritt operator. 

Definition 2.1 Suppose 1 < p < 00. Let T be a bounded operator on U'{M). We say that T is a 
Col-Ritt (resp. Row-Ritt) operator if the two sets 112.7]) are Col-bounded (resp. Row-bounded). 

Remark 2.2 Assume that I < p < 00. Let T be a bounded operator on LP(M). Using 112. S^) . it is 
easy to see that T is Col-Ritt if and only if T* is Row-Ritt on L^ (M). 

We let V denote the algebra of all complex polynomials. Let T be a bounded operator on a Banach 
space X. Let 7 € ]0, ■![. Accordingly with jLM2j . we say that T has a bounded H°°{B^) functional 
calculus if and only if there exists a constant K ^ 1 such that 

for any ip (zV. Naturally, we let: 

Definition 2.3 Suppose 1 < p < 00. Let T be a bounded operator on Lf{M). Let 7 e ]0, ^[. We 
say that T admits a completely bounded H°°{B^) functional calculus if T is completely bounded and 
if Isp ^ T admits a bounded H°°{B^) functional calculus on S'p(^LP{M)). 



Let T be a bounded operator on U'{M) and 7 G ]0, ■^[. Note that T admits a completely bounded 
H°°(B^) functional calculus if and only if there exists a constant K ^ 1 such that 



lk(^)Lb,Lp(M)^Lp(M) ^ ^llvllff-(s^) 



for any tp ^ V. 



3 Results related to Col-Ritt or Row-Ritt operators 

In the subsequent sections, we need some preliminary results on Col-Ritt or Row-Ritt operators that 
we present here. Some of them are analogues of existing results in the context of i?-Ritt operators, 
for which we will omit proofs. 

We start with a variant of |ALM| Proposition 2.8] suitable with our context. The proof is similar, 
using |JMXi Lemma 4.2] instead of |ALM[ Lemma 2.1]. 

Proposition 3.1 Suppose 1 < p < 00. Let T be a Col-Ritt operator on LP{M). For any a > 0, the 

set 

{n"(er)"-i(/-gT)": n>l, ge]0,l]} 

is Col-hounded. Moreover, a similar result holds for Row-Ritt operators. 
Moreover, we need the following result |LM2| . 

Theorem 3.2 Suppose 1 < p < 00. Let T be a bounded operator on L^{M) with a hounded H°°{B^) 
functional calculus for some 7 G ]0, ^ [. Then T is R-Ritt. 

In the next statement, we establish a variant of the above result. 

Theorem 3.3 Suppose 1 < p < 00. Let T he a bounded operator on L^{M). Assume that T admits 
a completely bounded H°°{B^) functional calculus for some 7 G lO, ^ [. Then the operator T is both 
Col-Ritt and Row-Ritt. 

Proof : We will only show the 'column' result, the proof for the 'row' one being the same. We wish 
to show that the sets 



F^ {T" : m>0} 



and 



5 = {m(r™-r" 



^1} 



are Col-bounded. We consider the operator I®T on the noncommutative L^-space S^ [LP{M)) . Then, 
applying Theorem 13.21 we obtain that the sets 



r={i. 



SP 



)r" 



^0} 



and 



/C = {mLsP (E) {T' 



rpr, 



^) : m ^ 1} 



are Rad-bounded. Now consider xi, . . . ,a;„ in LP(M) and Ti, . . . ,r„ in T. For any finite sequence 
(£fc)i^fc^n valued in {—1, 1}, we have 
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SP(LP{A 
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LP{M) 



Then passing to the average over ah possible choices of efc = ±1, we obtain that 
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Sk (X) efei (g) Xk 



Rad(SP(LP(M))) 



By a similar computation, we have 

- n 

T.\^k(xk)? 
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^£k® {Isp 8) Tk){eki (g) Xk) 



fc=i 



Rad(SP(LP(Af))) 



It follows that 



Ei^fe(^fe)i' 



fc=i 



E 



a^fcl 



fc=i 



LP{M) 



^ Rad(r) 

LP(M) 

This concludes the proof of Col-boundedness of T with Co^J-") ^ Rad(T). The proof for the set Q is 
identical. ■ 



Remark 3.4 Suppose 1 < p ^ 2 < cx). The complete boundedness assumption in Theorem \3.S\ cannot 
be replaced by a boundedness assumption. 

Proof : We have already recalled that, there exists a bounded operator T on S'p such that {T} is not 
Col-bounded. Let us fix 7 g ] 0, -I [. We may clearly assume that (j{T) is included in the open set 
Bj. Using the Dunford calculus, it is easy to prove that T is a Ritt operator which admits a bounded 
H°°{B~^) functional calculus. The set {T} is not Col-bounded. Hence T cannot be Col- Ritt. ■ 

Now, we give a precise definition of 'square functions' which clarifies (jl.ip . (|1.2p and (|1.4p and a 
few comments. Let T a Ritt operator on LP{M). For any a > 0, let us consider 



Xk 



LQ— TTTlfc— 1 



5T*-^(/-r)"(a;) 



for any fc ^ 1. If the sequence belongs to the space LP{M,£'^), then |la;||p^T,c,a is defined as the norm 
of {xk)k^i hi that space. Otherwise, we set ||a;||p^T^c,a = 00. In particular, ||a;||p,T,c.Q can be infinite. 
We define the quantities ||x||p_r_r,a by the same way. The quantities ||a;||p_T,Q are defined similarly in 
[ALM) . using the space LP{M, l"^'^^) instead of LP{M, ll). 
Finally, note that, if 2 ^ p < 00, we have 



Mp:- 



'\\\x\\p,T,c,a, ||a;||p,T,r,Q}- 



and if 1 ^ p ^ 2, we have 

||a;||p,T,a = inf |||ii||ip(Af^£2) + \\v\\lpi^miI) ■ "^^ + '"k = fc""5T''~i(/-r)"x for any integer k\. 



In |LM2j , the following connection between the boundedness of square functions and functional calculus 
is established. 

Theorem 3.5 Suppose 1 < p < cx). Let T be a bounded operator on U'{M). The following assertions 
are equivalent. 

1. The operator T is R-Ritt and T and its adjoint T* both satisfy uniform estimates 

\\x\\p,T,i < \\x\\lp(M) and ||2/||p.,TM < \\y\\Lp'{M) 

for any x G LP{M) and y G W' {M). 



2. The operator T admits a hounded H°°[B^) functional calculus for some 7 G lO, -I [. 
Recall a special case of the principal result of jALM| . 

Theorem 3.6 Let T he an R-Ritt operator on U'{M) with 1 < p < 00. For any a,/3 > we have an 
equivalence 

lk||p,T,a « \\x\\p,T,0, X e LP[M). 

We shall now present a variant suitable to our context. 

For any integer n ^ 1, we identify the algebra M„ of all n x n matrices with the space of linear 
maps £^ — >■ €^. For any infinite matrix [cy]ij-^i, we set 



sup 

nil 



l.l'^yUl^ijXTi 



BUD 



This is the so-called 'regular norm'. We refer to [Pisl| and |Pis5| for more information on regular 
norms. 

The next proposition will be useful. This result is similar to jALM) Proposition 2.6]. 

Proposition 3.7 Suppose 1 < p < cx). Let [cij]ij^i be an infinite matrix with \\[cij]\\ < 00. 
Suppose that {Tij : i,j^ l} is a Col-bounded set of operators on LP{M). Then the linear map 



[c,jT,,] : LP{M,i 

+00 
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LPiMJl) 



hoo / +00 



j^CJ ^j 



J=l 






is well-defined and bounded. Moreover, we have a similar result for Row-bounded sets. 

Proof : We shall only prove the 'Col' result. We can assume that ||[cij]|| =^ 1- Let n ^ 1. By 
|ALMi Lemma 2.2], we can write c^ — Oijbij for any 1 ^ i,j ^ n with 



sup y. kyP ^ 1 ^Ild sup /, l^ijP ^ 1- 



l^z^n 



J=l 



\j^ z— 1 



Let xi, . . . ,Xn & LP{M) and j/i, . . . , y„ £ L^ (M). Since the set {Tij \ i,j ^ l} is Col-bounded, there 
exists a positive constant C such that 
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Now, we have 
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Similarly, we have 
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Consequently 
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Taking the supremum over all yi, . . . ,yn € L^ (M) such that ||(X]r=i I2^j*P^^ H r-*'"r^ ^ 1' we obtain 



I LP* (A/) 



n / n \ 

i=l ^.7 = 1 ^ 



=^c 
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,j w Oj 



LP(M,tl) 



by (I1I21). We conclude with [JMXl Corollary 2.12]. ■ 

Now, we state a result which allows to estimate square functions || • Wp.T.c.a and || • || p,T,r.a by means 
of approximation processes, whose proof is similar to |ALM| Lemma 3.2]. 

Lemma 3.8 Suppose 1 < p < oo. Assume that T is a Col-Ritt operator on L^{M). Let a > 0. 

1. Let V be an operator on LP{M) such that TV — VT with {V} Col-bounded. Then, for any 
X £ LP(M), we have 

\\V{x)\\p,T,c,a ^ Col{{V})\\x\\p^T,c,o.. 

2. Let 1/ ^ a + 1 be an integer and let x E Ran((/ — T)"^) . Then 

\\x\\p^gT,c,a > \\x\\p^T,c,a- 

Moreover, the same result holds with \\ ■ \\p^T,c,a replaced by \\ ■ \\p,T.r,a for Row-Ritt operators. 

Now we state an equivalence result in our context similar to Theorem 13.61 
Theorem 3.9 Let T be a bounded operator on LP(M) with 1 < p < cx). Let a,/3 > 0. 

1. LfT is Col-Ritt, we have an equivalence 

\\x\\p,T,c,a ~ ||a;|lp,T,c,/3, X £ L^ {M) . 

2. If T is Row-Ritt, we have an equivalence 

||a;|jp,T,r,Q ~ \\x\\p,T.r,l3, X G L^ {M) . 



Proof : The proof is similar to the one of |ALM1 Theorem 3.3], using Proposition 13.11 Proposition 
[5771 Lemma EJ and [JMXl Corollary 2.12]. ■ 



4 Comparison between squares functions and the usual norm 



We aim at showing Theorem II .21 We will provide an example on the Schatten space S^. This example 
also prove that in general, row and column square functions are not equivalent fTheorem l4.3p . 

Let a a bounded operator on £^. Assume 1 < p < oo. We let Ca'- 5*^ — ^ S^ the left multiplication 
by a on S^ defined by Ca{x) = ax and we denote TZa : S^ —^ S^ the right multiplication. It is clear that 
£* and 7?.* are the right multiplication and the left multiplication by a on 5^ . Note that, by |JMX|, 
Proposition 8.4 (4)], if / — a has dense range then Ran(/ — Ca) is dense in S^. The next statement 
gives a link between properties of a and its associated multiplication operators. 

Proposition 4.1 Suppose 1 < p < oo. Assume that a is a bounded operator on l? . 

1. If a is a Ritt operator then the left multiplication Ca is a Ritt operator on S^ . 

2. Let 7 G ]0, ^ [. Then Ca has a bounded H°°{B^) functional calculus if and only if a has one. In 
that case, Ca actually has a completely bounded II°°(Bj) functional calculus. 

Moreover, we have a similar result for right multiplication. 

Proof : We have cr[Ca) C a{a). Moreover, if A G p{a) we have R{\, Ca) = C^ix.a)- The first assertion 
clearly follows. The statement (2) is a straightforward consequence of 

ISP ®Ca^ i^If2®a and f{Ca) = i^f(a), f <^ V . 

The proof of the 'right' result is identical. ■ 

We denote by {ek)k^i the canonical basis of f^. Now, for any integer fc ^ 1, we fix a^ = 1 — ^. 
We consider the selfadjoint bounded diagonal operator a on £^ defined by 

(4.1) 

It follows from the Spectral Theorem for normal operators, that the operator a admits a bounded 
II°°{B^) functional calculus for any 7 e ]Oif [• Thus Ca and Ha admit a completely bounded 
II°°{B^) functional calculus for any 7 G ]0, ^[ (hence Ca and TZa are Ritt operators). 

Lemma 4.2 Assume that 2 ^ p < 00. Let a be the bounded operator on £^ defined by ^.1^ . If 
Ca'. 5^ — ?> SP and TZa '. S^ ^ S^ are the left and right multiplication operators associated to a, we have 

(4.2) ||a;||px„,ca ~ ||a;|l5p and \\x\\p^Ua,r,i ^ \\x\\sp, xeS^. 

Proof : We will only show the result for the operator Ca, the proof for TZa being the same. For any 
X ^ S^ and any g e]0, 1[, we have 

k{{QCa)''-Hl - gCa){x)y {{QCa)''-\l - QCa){x)) = k{{ea)^-\l - ga)x) * ((H'^-i (/ - Qa)x) 

= kx*{I ~ Qa){Qaf'^^-^'^ (/ - Qa)x 
^kx*{I-gCa)'igCa)'^''-'\x). 

Now, for any z G B, we have 

+00 

(4.3) ^fc.'=-i^(l-z)-2. 




fc=i 
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Since the operator La is a contraction, we deduce that, for every q g]0, 1[, the operator / — (^qCaf' is 
invertible and that we have 



+ C30 



(4.4) 



^fc(e/:„f('=-i) = (/-(e/:,) 



2N-2 



k=\ 



the series being absolutely convergent. Then we deduce that the series 

+00 



^ k{{QLaf-\l - QLa)[x)Y {[QLaf-\l - QCa){x)) 



k=\ 

is convergent in the Banach space S^ and that 

+00 



— x*{I + Qa)^^x. 



k=l 



We deduce that 



\\X\\qC^,c,1 



{x*{I + ga)- 



\{I + Qay^x\ 



SP 



gp- 



Then, for any a; € S*^, we obtain the estimate 



\\x\\p,eCa,c,i ^ \\{I + ga) ML.„2Ja;|| 



B{P)' 



ISP 



By a similar computation, for any x € S^, we have 

-||a;|jsp ^ \\x\\p^gc^,c,i- 
Applying Lemma 13.81 (2) , we deduce an equivalence 

^\\x\\sp ^ ||a;||p,£„,c,i s; ||a;||sp, xe Rcin{{I - £a)^) . 

For any integer n J^ 1, we let dn the bounded diagonal operator on £'^ defined by the matrix 
diag(l, . . . , 1, 0, . . .). It is not difficult to see that, for any integer n ^ 1, the range of Cd„ is a 
subspace of Ran((/ — £a)^) ■ Hence we actually have 

2\\^d'^^^')\\sp^\\^d.„^^^\\p,Ca,c,i'^\\^d."^^^\\sp' xeSP, n^l. 
Then, on the one hand, we obtain 



\^d,A^) 



lp,£a,C,l 



^ X 



Sp, 



xeSP, n^l. 



By |JMX| Corollary 2.12] and (|2.ip . this latter inequality is equivalent to 



Y,eki(^k-2C^-\l-Ca){CdJx)) 



fc=i 



<||x|lsp, xeSP, n^l, 1^1. 



SP(SP) 
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Passing to the limit in the above inequahty, we infer that 
I 



Y,eki®k"^^l-\l~La){x) 



k=l 



< 



m\sp, 



xeSP, 1^1. 



SP{SP) 



Using again |JMX1 Corollary 2.12], we obtain that 

Note, in particular that, for any x G 5^, we have ||a;||p^£^^c,i < oo. On the other hand, note that, for 
any integer n ^ 1, the operators Ca and Cd^ commute. Hence, for any x G S^ and any integer n ^ 1, 
we have 



\\^dJx)\\sp<\\CdAx)\ 



p,£a,C,l 



+00 



Y,eki(g>k--Ct\l-Ca){CdAx)) 



k=l 



Sp{Sp) 

(ISP'S) Cdji Y,eui®k"^Cl'\l-Ca){x) 



+ C30 



k=l 



SP(SP) 



Letting n to the infinity, we deduce that 



A\SP < \\x\\p,Ca,C,l 



x&SP. 



The proof is complete. 



Theorem 4.3 Let a > 0. Let a be the bounded operator on P defined by i4-l^ - Let Ca'- 5^ — ?> S^ and 
TZa' S^ — > 5^ be the left and right multiplication operators associated to a. Assume that 2 < p < oo. 
Then 

(4.5) supj lij^'^-^'" : xg^4-o« ^^d sup | ^^-^°-'''" : x e sA = oo. 



Assume that 1 < p < 2. Then 



{■^\\p,'R'a,c,a 



(4.6) 



sup 



■ — : X £ b'^ > — oo and sup < 

II ^||p,£a,C,CK I I II '^llp.T^a ,^,CK 



X e SP ) ^oo. 



Proof : By Theorem I3.9| it suffices to prove the result for one specific real a. Throughout the 
proof, we will use a ~ 1. We first assume that 2 < p < oo. Given an integer n ^ 1, we consider 

e = ei + ■ ■ ■ + Cn £ in and x = -k^e ® e £ S^. Clearly, we have 



XX 
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Now, we have 

fc(£^i(/ - Ca){x)) (/:^'(/ - Ca){x))* = k{a'^~\l ~ a)x) {a^'^I - a)x)' 

= /fca'^-^/ - a)xx* {I - a)a''-'^ 



= J2 ka''-\l~a)e,j{I~a)a''-^ 



i,j=i 



= ^ (1 - ai)(l - aj)fc(aiaj)'' "^e,; 



Using the cquahty (|4.3p . we obtain that the series 



+00 



J2 H^a-\I Ca){x)) {Cl-\I ~ Ca){x)y 



k=l 



is convergent in 5 2 and that 

+00 



fe=i 
Now, note that 

We deduce that 






(1 - ai){l - aj)(l - aiajY 



21+1 



(2» + 23 - 1) 



lFllp,£.,r,l 



E 



2i+j 



«,j 



E 



^^ (2' + 23 - 1)2 '*^ 

2i+] 



SP 



t,3 



^^ (2'' + 2J - 1)2 '*^ 



S2 



We let A 
We have 



2'+^ 



(2»+23-l)2 



ISCzj^n 



be the n x n matrix in the last right member of the above equations. 



\A\\k - E 



21+j 



^^ \ (2' + 2.1 - 1) 
(2« + 2J' - 1)4' 



E 



Moreover, note that 



4«+j 4«+J 

s$ 16- 



(2^ + 2J - 1)4 ^ (2* + 2J)4 



= 16 



2''-J + 2J- 



< 



16 

4K-JI 
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Thus we have 



If 4 ^ p < cxD, we obtain 



,, , ,n ^ n. 
41^1 

fcez 



Mp.c,,r.i ^ \\A\\\ < ||A|||, <n^ 



Since x = —=6® e is rank one, its norm in S^ does not depend on p, and it is equal to — ^||e|||2 = y/n- 

Then, by Lemma \T7I[ we have ||a;||p_£^^c,i ~ V^- We obtain the first equahty of (|4.5D in that case. 
If 2 < p ^ 4, we can write ^ = i^ + | with < 61 s$ 1. Then 



M;x.,,i^\\AL^^\\Msi\\Mk- 



By construction, we have A ^ 0, hence we have 

2i+j 



ll^ll-i-Tr ^- 



' (2' + 2J - 1 



l2"^«J 



" 4* "4' 

Z^ (2'+i - 1)2 ^ Z^ (2^ 



Thus 

Recall that ||a:;||p,£a,c,i ~ V^- We obtain that 



tI|2 



II II '^ 1 — 1 ■ 

Since n was arbitrary and > 0, we obtain the first part of (|4.5I) in this case. Likewise, the above 
proof has a 'right analog' which proves the second equality of (|4.5p . 

We now turn to the proof of (|4.6p . We assume that 1 < p < 2. The second part of (|4.5p says 

.- -X / ||2/||p%z:*,r,i ^ „p*l 

(4.7) sup < ^—r : yeSP ^ = oo. 

[\\y\\p',c:,c,i J 

To prove the first equality of (14. 6p . assume on the contrary that there is a constant K > such that 
for any x £ S^ 

We begin by showing a duality relation between || • ||p*,£»,c,i and || • ||p,£„,r,i- Let y G S'*' and 
X € S^. For any integer n ^ 1, recall that dn is the bounded diagonal operator on £'^ defined by the 



14 



matrix diag(l, ...,1,0,...). By ()4.4p . for any < p < 1 and any integer n ^ 1, we have 



{y,CdAx))sp' sp 



+ 00 



SP ,sp 



k=l 

Y,{yMQCaf^''-'\l-{QCaffCdAx) 

+ CX3 



+CX) 



SP ,SP 



fe=l 



SP* ,SP 



€ 






\^dAx)\ 



SP{ll 



p^gCa ,^,1 ' 



Now, it is easy to see that {£*} is Col-bounded. We infer that 



{y,CdJx)) 



SP" ,SP 



\^d„{x)\ 



SP(ll) 



p^gCa^i^A 



Assume for a while that y S Ran((/ — C'a)'^)- By Lemma IXHl (2), letting g to 1, we obtain 
Letting n to the infinity, we obtain 

\{y,x)sp-'.sp\ ^ lbllp*,£*,c,l|kllp,£a,r,l. 

According to (|4.8p and the first part of (|4.2p . we deduce that 

\{y^x)sp\sp\ ^ l|y||p*,£-,c,il|a;||px„,c,i 
< l|y||p-,£-,c,i||a;||sp- 

By duality, we finally obtain that 



(4.9) 



\y\\sp' ^ Il2/llp*,£*,c,i- 



For an arbitrary y € S^ , we also obtain (|4.9p by applying it to £J {y) and then passing to the limit. 

The second equivalence of ()4.2p says that ||?;||p*.£».r,i ~ lll/IIsp* ^o^ ^^y y ^ ^^ ■ This contradicts (|4.7p 
and completes the proof of the first part of (|4.6p . The proof of the second part is similar. ■ 

For a operator admitting a completely bounded H°°{B^) functional calculus, it also seems interest- 
ing, in view of the equivalence (jl.3p . to compare the column and row square functions with the usual 
norm || • \\lp(m)- If T is a operator with Ran(/ — T) dense in L'p{M) which admits a bounded H°°{B^) 
functional calculus for some 7 G ]0, -I [, the equivalence (|1.3p and Theorems 13.51 and 13.61 implies that 

\\x\\lp{M) S l|a;||p,T,c,i and \\x\\lp(m) ^ ||a;||p,T,r,i 
if 1 < p ^ 2 and 

\\x\\p^T,c,l < ||a;||LP(Af) and \\x\\p,T.r,l < \\x\\lp(m) 

if 2 ^ p < 00, for any x G L'p{M). The following result says that except for p — 2, these estimates 
cannot be reversed: 
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Corollary 4.4 Suppose that 2 < p < oo (resp. 1 < p < 2). Let a > 0. There exists a Ritt operator T 
on the Schatten space S^, with Ran(/ — T) dense in S^ , which admits a completely bounded H°°{B^) 
functional calculus with 7 € ] Oj f [ such that 

f ll^^llsp ^ Qp\ I rila;|lp,T,c,a ^ ap\ \ 

sup < -—- : a; e D^ > = oo resp. sup < — , ' : a; G d^ > = oo . 

{\\x\\p,T.c.a J y I \\X\\SP ) J 

Moreover, the same result holds with \\ ■ ||p,t.c.q replaced by \\ ■ \\p^T,r.a- 

Proof : One more time, we only need to prove this result for a ~ 1. Then, this follows from Lemma 
island Theorem [ 



5 An alternative square function for 1 < p < 2 

Let T be a Ritt operator on LP{M), with 1 < p < 2. For any a > 0, we may consider an alternative 
square function by letting 



|a;||p,T,o,Q = inf |||xi||p,T,c,Q + ||a;2|lp,T,r,Q 



a; = xi + 2:2 



for any x G LP{M). 

Note that if T is both Col-Ritt and Row-Ritt, by Theorem 13. 91 the square functions ||a;||p_T,o.Q and 
||2;||p.T,o.^ are equivalent for any q;,/3 > 0. 

Suppose that |la;||p,T,o.a is finite and that we have a decomposition x = a;i+a;2 with ||a;i||p^T^c,Q < 00 
and \\x2\\p,T,r,a < 00. Letting Ufc ^ k°'-iT''-^{I - T)°'xi and u^ = k°'-^T^-^ {I - T)°'x2, we have 

k°'~^T^-^{I -T)'^x = Uk + Vk, k^l. 

Moreover, the sequences u and v belong to Lp(^M,£^) and i''(M, ^^) respectively. We deduce that 

||a;||p,T,a =^ ||a;||p,T,o,a, X e LP{M). 

We do not know if the two square functions || • ||p,t,q! and || • ||p.T.o,a are equivalent in general. In the 
next statement, we give a sufficient condition for an such equivalence to hold true. 

Theorem 5.1 Suppose 1 < p < 2. Let T be a hounded operator on L'^{M) with Ran(J — T) dense in 
LP{M). Assume that T is both Col-Ritt and Row-Ritt. Let a,ri > 0. Suppose that T satisfies a 'dual 
square function estimate ' 

(5.1) \\y\\p',T',nS\\y\\L.'iM), yeLP'iM). 

Then we have an equivalence 

\\x\\p,T,a ~ \\x\\p,T,0,a, X € L^ {M) . 

Indeed, there is a positive constant C such that whenever x £ LP(M) satisfies \\x\\p^T,a < 00, then 
there exists a;i,X2 G LP{M) such that 

X = Xy+X2 and \\xi\\p^T,c,a + \\x2\\p,T,r,a ^ C\\x\\p^T,a- 
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Proof : Since T is both Col-Ritt and Row-Ritt, it is also an i?-Ritt operator. Then, by Theorem 
3.61 and Theorem 13.91 '^e only need to prove this result for a = 1 and i] = 1. Observe that, for any 
y e LP''{M), we have 



(k^ {T*)''-\l + T*f{I - T*)y] 



< lld + T*)^!! . 

<\\y\\Lv'(M) bydSH). 



{k^{T*f-^{I-T*)y\ 



L'''iM,e^^^) 



We let 



V ^ [k^{T*f-\l^T*f{I-T*)y\ 

denote the resulting bounded map. Let x e LP{M) such that ||a;||p.T.i < oo. There exists two elements 
u e LP(^M,i^) and v G i''(M, £^) such that for any positive integer k 



(5.2) 

and such that 



Uk + Vk^k2T''~\I-T)x 



\u\\lp{mjI) + \\v\\Lp{ALil) ^ 2||a;||p, 



T,l- 



Recall that we have contractive inclusions LP{M,ef) C LP{M,i'^^^^ and Lp{M,(.1) C LP{M,e'^.^^) 
Thus, by ()2.3p . we can define xi and X2 of LP{M) by 

Xi = Z*u and X2 = Z*w. 



We will show that x — xi + 2:2. Since T is a Col-Ritt-operator, by Proposition 13.11 (or by |,ALM|, 
Proposition 2.8]), we infer that there exists a positive constant C such that 



+00 



Y,\\k^T''-\l-Tf 



k=l 



+00 



LP(M)^LP{M) 



= ^k\\T''-^{I^Tf 



fe=l 



LP{M)'^LP{M) 



€ 



+00 



fe=i 



/c3 



< 00. 



For any 1 < p < 2, by |JMXi Proposition 2.5], we have the contractive inclusion Lp(M, ^^) C 

P{^LP{M)y We deduce that X]fe=^ ll'^fcllipfM) ^ °°- According to the Cauchy-Schwarz inequality, we 
deduce that the series 



+00 



+00 



^ fc5r'=-i(/ - r2)\fc = (/ + T)2 ^ k^T'^-^i - T)^ 



Ufc 



fc=l 



fc=l 
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converges absolutely in LP{M). Now, for any y E L^ (M), we have 
({I-T)xuy) ^ ^({I-T)Z*u,y) 

\ / LP(M).LP (M) \ I I 



LP(M),LP*(M) \ / LP{M),LP''{M) 

[u,Z{I-T*)y 



fc=i 

/ +00 



LP{M,P ^),LP'(M,P j) 

LP(M),LP*(M) 



luAk^{T*f-^{I + T*f{I~T*fy) \ 

\ ^ '^>^l LP 

+C30 



Y,k'^T^-\l~T^fu,,y 



: fe=l 



LP{M)XP'(M) 



Thus, we deduce that 



+00 



(5.3) (J - r)xi - Y. k^T'^^'il - T^) "fc- 

fc=i 



Similarly we have 



Now, we infer that 



+00 

n2\2 






+CXD +00 

+ CSO 

= 5^fc^T'=-^(/-r2)^K + «fe) 

4-CXD 

fc=i 

+00 

= Y^ kT^^-'^{I + Tf{I - Tfx. 

k=l 

By (|4.3p . for any 2; e B, we have 



+00 



^fc^2'=-2(l-z2)2 = l. 



/c=l 



Since the operator T is power bounded, we note that for every g g]0, 1[ we have 



+00 



(5.4) J = ^fc(£<r)2'=-2(/-(gT)2 



fe=i 
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the series being absolutely convergent. Hence, for any q g]0, 1[, we have 



+ CXD 



(/ - qT)x = {I- qT) Y, HqT?"-^ {I - (gTf 

+00 

= J2 k{QTf^-'^{I + QTf{I - gTf 



fe=i 

It is not difficult to see that the latter series is normally convergent on [0,1]. Hence, letting g to 1, we 

deduce that 

+00 

(/ ~T)x^Yl kT'^''~'^{I + Tf{I - Tfx. 

fc=i 

Then we obtain 

{I-T)x = {I-T)(xi+X2). 

Since the space Ran(/ — T) is dense in LP{M), by the Mean Ergodic Theorem (see |Kre| Section 2.1]), 
the operator / — T is injective. Consequently, we have x = xi + X2. Now, it remains to estimate 
ll2;i|]p,T,i,c and ||a;2||p,T,i,r- According to (|5.3p . we have 



+ C30 



,iym-i(j _ T)xi = J2 kirn^T''+'''-^{l - T^ 



Uk 



k=l 



for any integer m J^ 1. It is convenient to write this as 7712 T"^ ^{I — T)xi — {I + T)'^ym with 

+C30 

(5.5) y„, = Y,k^m^T'' 



[I -T) Uk- 



k=l 



Now, observe that 

i i-nfe+m-2/j- rr\2 



k-Sm^T" 



\I-TY = 



1 i i 



(fc + m-l)^r'^'+"-^(/-T) 



(k + m — 1)2 
According to [ALMl Proposition 2.3] and |ALM1 Lemma 2.4], the matrix 



k^m^ 



{k + m- 1)2 



k.m^l 



represents an element oi B{£'^). Moreover, by Proposition 13. 11 the set 

Uk + m-lfT'^+'^-^I-T)^ : k,m^l\ 
is Col-bounded. By Proposition 13.71 ^^ deduce that {ym)m^i G U'{M,(.'j}j and that 

||(ym)m>l||^p(^,^^^2) ^ \W\\lp(M,11)- 

Since {T} is Col-bounded, we have 

{m^T"'-^{I~T)xx\ 



Fl p.T.c.l 



< 



[I + Tfv„ 



I lymjm^l ||iP(M,£2)- 



LP[MJl) 

by (E 



LP(Af/2) 
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Finally, we deduce that there exists a positive constant C such that 

||a;i||p,T,c4 =^ C\\u\\lp(m/1)- 
Moreover, we have a similar result for X2. Finally, we have 

||a;i||p,T,c,l + \\x2\\p,T,rA ^ C|| u|| LP(Af ,f2) + C*!! w|| Lp(M/2) 



Corollary 5.2 Suppose 1 < p < 2. Let T be a bounded operator on LP(M) with Ran(J — T) dense in 
LP(M) and let a > 0. Assume that T admits a completely bounded H°°{B^) functional calculus for 
some 7 G ]0, ^ [. Then we have an equivalence 



inf |||a;i||p,T,c,Q + || 



X2\ 



Xl 



+ X2^^ ||a;||Lp(M), X e LP{M). 



Proof : By Theorem 13.31 the operator T is both Col-Ritt and Row-Ritt (hence i?-Ritt). Moreover, 
by Theorem 13.51 it satisfies a 'dual square estimate' 

bllp%TM < ||2/IL.-(A/), yeLP'iM). 

Then, by Theorem 15.11 above, the norms || • ||p,t,q and || • ||p,t,o.q ^^^ equivalent. Furthermore, by 
Theorein l3.6l and (jl.3p . || • Hp.T.a is equivalent to the usual norm || • \\lp{m)j which proves the result. ■ 
Assume now that r is finite and normalized, that is, t(1) = 1. Following [HaMj and [Ricj (see also 
[AD] ), we say that a linear map T on AI is a Markov map if T is unital, completely positive and trace 
preserving. As is well known, such a map is necessarily normal and for any 1 ^ p < oo, it extends to 
a contraction Tp on U'{M). We say that T is selfadjoint if, for any x, x' e M, we have 

t{T{x)x') ^t{xT{x')). 

This is equivalent to T2 being selfadjoint in the Hilbertian sense. We also consider the operator 

Ap = i Ip. 



The following result is proved in the proof of [LM2| Proposition 8.7] with bounded instead of completely 
bounded. But a careful reading of the proof shows that we have this stronger result. We refer to |Haa) . 
|JMX| . [LMT] and pVl2] for information on iJ°°(Ee) functional calculus. 

Proposition 5.3 Suppose 1 < p < 00. Let T be a selfadjoint Markov map on M . Then the operator 
Ap is sectorial and admits a completely bounded H°"[Yig) functional calculus for some € ]0, ■^[. 

Assume \ < p < 00. At this point, it is crucial to recall that L^-realizations Tp of Markov maps 
r on M such that —1 ^ cr{T2) are Ritt operators, as noticed by C. Le Merdy in |LM2) . Let T be a 
selfadjoint Markov map on M . According to [LM2| and Proposition 15. 3| we obtain that Tp admits 
a completely bounded H°°{B^) functional calculus for some 7 g ]0, ^[. Hence, by Corollary 15. 2[ we 
deduce the following result which strengthens a result of |LM2| . 

Corollary 5.4 Suppose 1 < p < 2. Let T be a selfadjoint Markov map on M such that —1 ^ o'(T'2) 
with Ran(J — Tp) dense in L^^M). Then, for any a > there exists a positive constant C such that 
for any x G LP(M), there exists Xi, 3:2 S Lp{M) satisfying x = a;i + X2 and 



+00 

fc=i 



-^\T^-^{I-T)"{xi)\ 



Lf 



+00 



k=l 



T 



fe-1 



{i-Tr{x2)y 



< CWxWlp^m)- 



LP 
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